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We study the angular broadening of a medium-induced QCD cascade. We derive the equation that
governs the evolution of the average transverse momentum squared of the gluons in the cascade as a
function of the medium length, and we solve this equation analytically. Two regimes are identified.
For a medium of a not too large size, and for not too soft gluons, the transverse momentum grows
with the size of the medium according to standard momentum broadening. The other regime, visible
for a medium of a sufficiently large size and very soft gluons, is a regime dominated by multiple
branchings: there, the average transverse momentum saturates to a value that is independent of
the size of the medium. This structure of the in-medium QCD cascade is, at least qualitatively,
compatible with the recent data on dijet asymmetry.
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Pb-Pb collisions at the LHC provide rich and new in-
formation about the propagation of hard partons in mat-
ter. The strong asymmetry of observed dijets [1–3] re-
flecting the imbalance between the energies of the nearly
back–to–back jets, provide direct evidence for the interac-
tion of the jets with the matter produced in the collisions.
A characteristic feature of this interaction is provided by
the accurate reconstruction of the missing energy in the
sub-leading jet [4], showing that a sizable part of this en-
ergy is transported by soft particles towards large angles.
We argue in this paper that the latter feature is a genuine
property of the in-medium QCD cascades.
Progress in describing such cascades within the frame-
work of perturbative QCD has been made recently. In
particular, by assuming that the BDMPSZ mechanism
for medium-induced radiation [6, 7] dominates the jet-
medium interaction, it was shown [8] that, for a large
enough medium, successive gluon emissions can be con-
sidered as independent: multiple emissions can be treated
as probabilistic branching processes, with the BDMPSZ
spectrum playing the role of the elementary branching
rate [9–11]. The evolution of the energy distribution
along such a cascade was studied in [12], and was shown
to exhibit turbulent behavior. Some features of this cas-
cade where also studied in the context of the thermal-
ization of the quark-gluon plasma [9, 15]. More recently,
an equation for the gluon distribution, that takes into
account transverse momentum broadening along the cas-
cade was derived in [13]. In this paper, we study the
first two moments of this equation and provide an an-
alytic analysis of the average angular structure of the
in-medium cascade.
Let us recall that the BDMPS mechanism is character-
ized by a parameter qˆ, called the jet-quenching parame-
ter, that controls the momentum broadening in a direc-
tion perpendicular to the jet axis (the average transverse
momentum squared acquired by a parton in a medium is
〈k⊥〉2 ∼ qˆL, with L the length of the medium), as well as
the (radiative) energy loss, in average ∆E ∼ αsqˆL2. It
is valid for frequencies, ωBH . ω . ωc, where ωc ∼ qˆL2
is the maximum energy that can be taken away by a
single gluon (the present analysis assumes that ωc & E).
The lower limit is that of (Bethe-Heitler) incoherent emis-
sions, and is reached when the branching time is of the
order of the mean free path between successive collisions.
The branching time for a gluon with energy ω is given
by τbr(ω) ∼
√
ω/qˆ. It is associated with a transverse
momentum scale kbr ∼ (ωqˆ)1/4, and an emission angle
θbr ∼ (qˆ/ω3)1/4. That is, soft gluons are emitted typi-
cally at large angles, and on relatively short time scales.
To the maximum frequency ωc, corresponds a minimum
emission angle θc ∼ 1/
√
qˆL3, inside which radiation pro-
ceeds essentially as in vacuum.
We focus in this paper on the inclusive gluon distribu-
tion function
D(x,k, t) = (2pi)2x
dN
dxd2k
. (1)
Here x is the fraction of the initial energy E of the leading
particle, and k is the transverse momentum of the gluon
observed at time t along the cascade. As was shown in
[13], D(x,k, t) obeys the following evolution equation
∂
∂t
D(x,k, t) =
1
4
∇2k [qˆ D(x,k, t)]
+
1
t∗
∫ 1
0
dzK (z)
[
1
z2
√
z
x
D
(x
z
,k, t
)
− z√
x
D (x,k, t)
]
,
(2)
where
1
t∗
≡ α¯
τ
br
(E)
= α¯
√
qˆ
E
, α¯ ≡ αsNc
pi
, (3)
is the basic rate of the branching processes, hence, t∗
is the typical lifetime of a parton of energy E in the
medium. Note that when the size of the medium t ∼
L & t∗, or equivalently, for x values such that xE .
ωs ≡ α¯2ωc, multiple branchings become dominant. The
kernel K(z) in the gain and loss terms (respectively the
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2second and third term in Eq. (2)), can be written as
K(z) = [f(z)]
5/2
[z(1− z)]3/2 . (4)
It collects contributions from the z dependence of the
actual branching time (left out in the definition of t∗),
and from the leading order splitting function Pgg(z) =
Nc[f(z)]
2/z(1 − z) where Nc is the number of colors,
and f(z) ≡ 1 − z + z2. (We restrict our discussion to
purely gluonic cascades.) The first term on the r.h.s. of
Eq. (2) is the diffusion term describing transverse mo-
mentum broadening.
Two important approximations are involved in the
derivation of Eq. (2). First, the typical duration of the
branching process is assumed to be small compared to the
total time spent by the gluon in the medium. This al-
lows to treat the branchings as effectively instantaneous.
Second, the transverse momentum broadening that takes
place during a branching is ignored (corrections involving
the small transverse momentum induced during the split-
ting can be absorbed in corrections to qˆ [13, 14]). The
branching is then treated as effectively collinear: after
the splitting, the two new gluons carry fractions z and
1− z of both the initial energy and the initial transverse
momentum.
In order to pin down the main features of the average
angular structure of the in-medium cascade, we study the
evolution of the average transverse momentum squared:
〈k2⊥〉t,x =
∫
k
k2D(x,k, t)∫
k
D(x,k, t)
≡ H(x, t)
D(x, t)
, (5)
which involves the first moments of the gluon distribu-
tion.
The zeroth moment is the energy distribution
D(x, t) =
∫
k
D(x,k, t). The equation obeyed by D is
obtained by integrating Eq. (2) over k and reads [12]
∂
∂t
D(x, t)=
1
t∗
∫
dzK(z)
[√
z
x
D
(x
z
, t
)
− z√
x
D(x, t)
]
.
(6)
Note that the function D(x, t) has support only for 0 ≤
x ≤ 1, which limits the first z-integral in Eq. (6) to x <
z < 1. Note also that the potential endpoint singularities
at z = 1 in the gain and loss terms cancel, and Eq. (6) is
well defined. The same remark applies to Eq. (8) below.
An analytical solution to this equation exists for the
case where, in the kernel (4), f(z) is set equal to unity
[12]. The simplification of the kernel does not affect its
singular behavior near z = 0 and z = 1, which determines
the qualitative features of the solution. We shall use this
exact solution from now on. It reads
D(x, τ) =
τ√
x(1− x)3/2 e
−pi τ21−x , τ ≡ t
t∗
. (7)
The essential singularity at x = 1 can be understood as a
Sudakov suppression factor [10] (i.e. the vanishing of the
probability to emit no gluon in any finite time). Aside
from this exponential factor, the solution has another re-
markable property: for x 1, D(x, τ) ∼ (1/√x) τe−piτ2 .
The fact that the spectrum keeps the same x-dependence
when τ keeps increasing indicates that the energy flows
to x = 0 without accumulating at any finite value of
x. The complete, energy conserving, solution involves a
contribution ∝ δ(x) whose coefficient grows with time as
1− e−piτ2 .
Let us now consider the first moment of the distri-
bution, H(x, t) =
∫
k
k2D
(
x,k, t
)
, and set H(x, t) ≡
x2W (x, t) (W is a measure of the square of the angle be-
tween the observed gluon and the leading particle). The
equation satisfied by W (x, t) is obtained by multiplying
by k2 both sides of Eq. (2), and integrating over k. One
obtains
∂W (x, t)
∂t
=
qˆ
x2
D(x, t)
+
1
t∗
∫
dzK(z)
[√
z
x
W
(x
z
, t
)
− z√
x
W
(
x, t
)]
.
(8)
The initial condition corresponds to the leading particle
localized at x = 1 with no transverse momentum, i.e.,
W (x, t = 0) = 0. Note that Eq. (8) is identical to Eq. (6)
for D(x), except for the additional source term ∼ qˆ/x2.
This may be exploited to get the solution as the following
convolution integral
W (x, L) =
∫ t
0
dt
∫ 1
x
dy
y
D
(
x
y
,
L− t√
y
)
qˆ
y2
D(y, t),
(9)
where D(x, t) is the solution of Eq. (6), written explicitly
in Eq. (7). Higher moments can be computed similarly.
The solution of Eq. (9) is shown in Fig. 1. It exhibits
two remarkable features: the average 〈k2⊥〉 decreases to-
wards small x, 〈k2⊥〉 saturates at a maximum value at
large times. These features result from the competition
between two effects: the decrease of the transverse mo-
mentum that takes place in each branching, the increase
of transverse momentum due to collisions. For small
times and not too small x, momentum broadening due to
collisions dominates. But for very small x, and/or large
time, multiple branchings dominate and are responsible
for the saturation of the transverse momentum to a value
that depends on x but is independent on time (i.e. on
the size of the medium). The transition between the two
regimes takes place for x ∼ xs = α¯qˆL2/E. Of course a
single regime is visible when xs > 1, e.g. for a very large
size L.
For short times, and x > xs, one can solve the equa-
tion perturbatively, i.e., by iterations. At zeroth order,
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FIG. 1: The mean transverse momentum squared obtained
by solving Eqs. (2) and (9), for t = 0.1, 1, 2, 4 fm (black full
lines from the bottom up), for qˆ = 1 GeV2/fm, E = 100 GeV
and α¯ = 0.3. The blue dashed line is the asymptotic limit
L → ∞ where 〈k2⊥〉 = (4α¯)−1
√
xEqˆ. Near x = 1 the curves
reproduce the expected behavior, 〈k2⊥〉 ≈ 12 qˆL (1 + x2).
by substituting D(0)(y, t) = δ(1 − y) for D in Eq. (9),
one gets W (0)(x, L) = qˆLδ(1 − x), so that 〈k2⊥〉 = qˆL:
this is the momentum broadening of the leading particle
that passes through the whole medium without splitting.
The next iteration allows us to examine the effect of a sin-
gle splitting. This can be calculated easily by using the
approximate expression D(1)(x, t) ' τ/(√x(1 − x)3/2)
that one can read on Eq. (7) for D(x, t). One gets then
〈k2⊥〉 ≈ 12 qˆL (1 + x2). It is however instructive to recover
this result from a different reasoning. When x is small,
but not too small, and the time still short, the leading
particle has a chance to split once. Because the splitting
is collinear, the transverse momentum squared carried by
the gluon with frequency ω = xE, 〈k2⊥〉ω, is a fraction of
that of the parent gluon, that is, 〈k2⊥〉ω = (ω2/E2)〈k2⊥〉E .
Assuming that the splitting occurs at time t, the to-
tal transverse momentum squared carried by the emitted
gluon is the sum of the transverse momentum inherited
from its parent, x2qˆL, and that it acquires during time
L−t, qˆ(L−t). Averaging over t yields the result obtained
above. Note that the term proportional to x2, i.e., the
transverse momentum inherited from the parent gluon
before the splitting, becomes negligible at small x: all
what counts then is the transverse momentum acquired
by the observed gluon after it has been emitted.
Let us turn now to the regime dominated by multiple
scattering, i.e., x  xs or L  t∗. The convolution
integral in Eq. (9) is dominated by small values of y, i.e.,
1  y & x. In this integral, there are two exponential
factors, see Eq. (7). The first exponential limits the range
of the t integration to L− t . t∗
√
x t∗√xs ∼ L. The
second exponential on the other hand yields t . t∗ < L.
It follows that in the integration range [0, L], the first
function is sharply peaked near t ∼ L, while D(y, t) is
slowly varying. One can then set t ' L in D(y, t) and
integrate L− t from 0 to ∞. We then get
W (x, L) ≈
∫ 1
x
dy
y
D(y, L)
qˆ
y2
t∗
2pi
√
y√
x/y
√
1− x/y , (10)
where we have used∫ ∞
0
dtD(x, t) =
t∗
2pi
√
x(1− x) . (11)
By noticing that, in the region x . y  1,
D(y, t)/D(x, t) ≈√x/y, one easily calculates 〈k2⊥〉. One
gets
〈k2⊥〉 ≈
qˆt∗
√
x
2pi
∫ 1
x
du
u√
u(1− u) ≈
k2br(x)
4α¯
, (12)
where in the last step, we have set the lower bound of the
u-integral to 0, and k2br(x) =
√
xEqˆ. Thus, in the regime
dominated by multiple branchings, 〈k2⊥〉 reaches a max-
imum value that is determined by the local branching
transverse momentum k2br(x), and is independent of the
size of the medium. This maximum transverse momen-
tum is also given by 〈k2⊥〉 ∼ qˆt∗(x), where t∗(x) = t∗
√
x
is the lifetime of the observed gluon [15].
We end the paper by stressing the phenomenological
relevance of the present analysis. Assuming that the
transverse momentum distribution remains Gaussian in
the multiple branching regime, we can postulate the fol-
lowing form for the gluon distribution,
D(x,k, L) ' D(x, L) 4pi〈k2⊥〉
exp
[
− k
2
〈k2⊥〉
]
, (13)
where 〈k2⊥〉 has been determined above as a function of
x, and is well approximated by
〈k2⊥〉 = min
[
1
2
qˆt (1 + x2),
k2br(x)
4α¯
, (xE)2
]
. (14)
The last condition k2⊥ < ω
2 = (xE)2 results from the re-
quirement that the emission angle stays smaller than one
for our approximations to remain valid. One can then es-
timate the fraction of the parent gluon (jet) energy that
is contained within a cone of size Θ. This is obtained
by integrating the distribution (13) over transverse mo-
menta smaller than ΘxE:
Ein-cone(Θ) =
∫ 1
0
dxD(x, L)
[
1− exp
(
− Θ
2
〈θ2〉
)]
, (15)
where 〈θ2〉 = 〈k2⊥〉/(xE)2. Most of the energy is con-
tained in a small cone of size ∆Θ =
√
qˆL/E (which in the
present analysis is of the same order of magnitude as θc).
Note that ∆Θ is also the angle by which the two jets devi-
ate from being back-to-back. The maximum energy that
4can be recovered within a large cone is
∫ 1
0
dxD(x, L) =
exp
(−piL2/t2∗). In contrast, an early study, where mul-
tiple branchings were not fully taken into account, con-
cluded that the energy carried by medium-induced glu-
ons remains collimated [5]. This is less than the initial
energy, which reflects a property of the ideal cascade:
because the soft gluons are allowed to split into gluons
with arbitrary small frequencies, some energy accumu-
lates at x = 0, at arbitrarily large angles. In other
words, in treating the ideal cascade, we have assumed
that ωBH = 0. In order to estimate the sensitivity of the
results to the value of ωBH , we have solved Eq. (15) with
a regularized kernel (4), viz. 1 − z → 1 − (1 − xBH/x)z
with xBH = ωBH/E. With the following set of param-
eters: qˆ = 1 GeV2/fm, α¯ = 0.3, ωBH = 0, 0.5 GeV, we
find that the leading particle suffers a small broadening,
∆Θ =
√
qˆL/E ' 0.01 − 0.02, after traveling a distance
L = 4 fm. For Θ  ∆Θ, the leading particle is out of
the cone, so only a small fraction of the energy is in the
cone; as soon as Θ > ∆Θ the leading-particle remains
inside the cone where most of the energy (∼ 70%) is to
be found. When the cone angle Θ increases from 0.1 to 1
the energy barely increases, from 0.7 to 0.75 in the case
of the ideal cascade (ωBH = 0). The energy is recovered
more efficiently for ωBH = 0.5 GeV: only 10 % of the
total energy is missing at Θ ' 1.
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FIG. 2: The difference of the angular and energy distribu-
tions of sub-leading and leading jets for ωBH = 0.5 GeV.
The histograms account for the four binnings of energies: [0-
1] GeV (grey), [1-2] GeV (yellow), [2-4] GeV(orange), [4-8]
GeV(green), [8-100] GeV(red) (color online). In the first an-
gular bin we observe a large imbalance of energy in the hard
particles. This energy is partly recovered at large angles by
very soft particles. The cumulative energy is given by the full
line. The dashed line represents the limiting case ωBH = 0,
and is given as a reference. The band formed by the full and
dashed line can be viewed as a measure of the uncertainty in
the treatment of the physics at the scale ωBH .
Finally, we consider the imbalance of energy in dijet
events as a function of the energy of the particles and
the opening angle of the jet. This observable has been
studied extensively by the CMS collaboration [3]. Of
course, we aim only at a qualitative comparison here. We
consider the production of two back-to-back jets of 100
GeV each. We assume that the leading jet traverses 1 fm,
while the sub-leading jet traverses 4 fm, in a medium with
qˆ = 1 GeV2/fm. Following CMS, we plot the difference of
the energy distribution in the subleading and leading jets
in Fig. 2. The asymmetry observed is balanced by soft
particles at large angles. The cumulative energy is also
given and shows a slow recovery of the energy at large
angles for ωBH = 0.5 GeV. In the limiting case ωBH = 0,
20 % of the energy is not balanced due to the uniform
flow of energy towards very soft particles and very large
angles.
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